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GLOBAL ASYMPTOTIC STABILITY OF COHEN-GROSSBERG NEURAL NETWORKS OF
NEUTRAL TYPE

H. Akca,' V. Covachev,” and Z. Covacheva® UDC 517.9

Sufficient conditions for the existence and global asymptotic stability of unique equilibrium point of a
Cohen—Grossberg neural network of neutral type are obtained. An example is presented..

1. Introduction

An artificial neural network is an information-processing paradigm inspired by the way of processing the
data by biological nervous systems, e.g., by the brain. The key element of this paradigm is the novel structure
of the information processing system. It is composed of a large number of highly interconnected processing
elements (neurons) working in unison to solve specific problems. Although the initial intent of artificial neural
networks was to explore and reproduce human information-processing tasks, such as speech, vision, and knowledge
processing, artificial neural networks also demonstrated their superior capability for the classification and function
approximation problems. This has a great potential for the solution of complex problems, such as systems control,
data compression, optimization problems, pattern recognition, and system identification.

The Cohen—Grossberg neural network [10] and its various generalizations with or without transmission delays
and impulsive state displacements have been a subject of intense recent investigations [3, 6, 7, 13, 16, 17]. In
a model of Cohen—Grossberg neural network, the feedback terms consist of amplification and stabilizing func-
tions. They are, in general, nonlinear. These terms give a model with a special kind of generalization containing
numerous neural network models with content addressable memory, such as additive neural networks, cellular neu-
ral networks and bidirectional associative memory networks, and also biological models (e.g., the Lotka—Volterra
models of population dynamics), as special cases.

Unlike retarded systems, in neutral systems, time delays explicitly appear in the state velocity vector. Neutral
systems can be applied to describe more complicated nonlinear engineering and bioscience models, including
the models describing chemical reactors, transmission lines, partial element equivalent circuits in very large-scale
integrated systems, and Lotka—Volterra systems [18, 14, 4, 1, 2, 9, 15]. Neural networks can be implemented using
very large-scale integrated circuits. Therefore, both retarded-type delays and neutral-type delays are inherent in
the dynamics of neural networks.

In the present paper, we consider a Cohen—Grossberg neural network of neutral type more general than in [8].
A discrete-time analog of this system endowed with impulsive conditions was considered in our previous paper
[11]. Sufficient conditions for the global asymptotic stability of unique equilibrium point of the system are obtained
by using an appropriate Lyapunov functional. The established conditions are much more precise than in [8]. An
example is given.
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2. Preliminaries

We consider a Cohen—Grossberg neural network of neutral type consisting of m > 2 elementary processing
units (or neurons) whose variables of state x; (in what follows, we write i = 1,m insteadof i = 1,2,...,m)
are governed by the system

Xi(0) + Y ekt — 1) = ai(xi (1) | =bi (i (D) + D cij [ (0) + Y dijgi(xjt =)+ Ii |

Jj=1 J=1 J=1

(1

with initial values specified by continuous functions x; (s) = ¢; (s) for s € [-7,0], T = max {7;}. In(1), a;(x;)
j=1,m

denotes an amplification function, b;(x;) denotes an appropriate function supporting thejz stabilizing (or negative)
feedback term —a; (x;)b;(x;) of the unit i, f;(x;) and g;j(x;) denote activation functions, the parameters c;;
and d;; are real numbers representing the weights (or strengths) of the synaptic connections between the j th unit
and the i th unit without and with time delays, respectively, 7; , the real numbers e;; show how the state velocities
of the neurons are delay feed-forward connected in the network, and the real constant /; represents an input signal
introduced from the outside to the i th unit of the network.

Let E be the unit (m x m)-matrix. By £ and |£|, we denote the (m x m) -matrices with entries e;; and
leij|, respectively.

Definition 1 [5]. A real matrix A = (aij)mxm is said to be an M -matrix if a;; < 0 for i,j = 1,m,
i # j, and all successive principal minors of A are positive.

The assumptions accompanying the neural network (1) can be formulated as follows:

A1. The amplification functions a; : R — R™ are continuous and bounded in a sense that

0<ag; <ai(x)<a; for xeR, i=1m,

for some constants a; and a;.

A,. The stabilizing functions b; : R — R are Lipschitz continuous and monotonically increasing, namely,

bi(x) — b; — —
0<Q,~5Msbi for x#y, x.yeR, i=1m,
X—=y

for some constants b; and b; .

Asz. The activation functions f;, gj : R — R are Lipschitz continuous in a sense that

Fj,

f](x) f]()’)' D g](x) g,(y)‘

xX#£y

X#y

for x,y € R, j = 1,m, where F; and G; denote positive constants.
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A4. ||€]l < 1, where | - | is the spectral matrix norm and E — |€]| is an M -matrix.

The “stability condition” ||£|| < 1 guarantees the existence and uniqueness of the solution of the Cauchy
problem. Since E — |£| is an M -matrix, it is nonsingular and its inverse has only nonnegative entries.
Under these assumptions, for the given initial conditions, there exists a unique solution of system (1). This so-

lution has the form of a vector x(¢) = (x1(z), x2(?), ..., X, (¢))T in which x;(¢) are continuously differentiable
for t € (0, B), where B is a positive number, possibly equal to co. An equilibrium point of system (1) is denoted
by x* = (x},x¥,...,x}%)T, where the components x/ are governed by the algebraic system
b(x)_zc,,f,(x)+Zd,,g,(x)+1,, i=1,m. )
j=1 =1
Definition 2. The equilibrium point x* = (x},x3,...,x5)T of system (1) is said to be globally asymptot-

ically stable if any other solution x(t) = (x1(t), x2(t), ..., xm ()T of system (1) is defined for all t > 0 and
satisfies the equality

lim x(7) = x*.
t—>00
3. Existence and Global Asymptotic Stability of Equilibrium Point

Sufficient conditions for the existence and uniqueness of the solution x* of the algebraic system (2) are given
by the following theorem:

Theorem 1 ([11], Theorem 4.2). Let the assumptions Ay, Az be true. In addition, suppose that the follow-
ing inequalities are satisfied:

1 « 1 ¢
) |CU|F +—k7AF‘ ) |dU|Gj-+|dﬁ|Gj)>>0, i =1,m. 3)
j=1 j=1
Then system (1) has a unique equilibrium point x* = (x{,x5, ..., x,’Z)T.

Further, we present sufficient conditions for the global asymptotic stability of the equilibrium point x* of
system (1).

Theorem 2. Let the assumptions A1 — Ay be true. In addition, suppose that the inequalities
1 m

(@ileij | Fj +ajleil Fi) — = Y (@ildij|G) +@jld;i|Gy)
j=1

a; Qi -

~
I
—_
[\e)

N =

l e/ — o e &

-5 (@ibileis| +abslejil) - 5 2@ 2 (Icsillejicl Fi + Icjicl lejil Fi)

Jj=1 j=1 k=1

1 m m

=5 2@ > (1djillejil Gi +1djellejil Ge) > 0. i =T.m, 4)
j=1 k=1
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are satisfied and system (1) possesses an equilibrium point x* = (x{,x5,..., x,";,)T whose components satisfy
(2). Then the equilibrium point x* is globally asymptotically stable.

Remark 1. Inequalities (3) can be deduced from (4) for ¢; = a; = 1 and ¢;; = 0 for i,j = 1,m.
However, in general, inequalities (4) do not imply (3).

Remark 2. Inequalities (4) were presented in [11] (Theorem 4.3) as a part of sufficient conditions for the
global asymptotic stability of the equilibrium point of the discrete-time counterpart of system (1) provided with
impulsive conditions for small values of the discretization step /.

Remark 3. 1In [8], it is assumed that g; = f;, the functions b;(x;) and b;” 1(x;) are continuously differ-
entiable, and the functions b} (x;) are bounded both below and above by positive constants. Instead of the m
inequalities (4), a single inequality is presented. In our notation can be rewritten as

min (a;b;) — max (@;b;)||€|| - max @ (,maX FlCl + _maXG,-IIDll) (1 +[I€1) > 0. ®)

i=1,m i=1,m i=1,m i=1,m i=1,m
where C and D are (m x m)-matrices with entries ¢;; and d;;, respectively.
Although condition (5) seems to be much simpler than (4), in our opinion, it is much less precise because
the individual lower and upper bounds, Lipschitz constants, and matrix entries are replaced by their minima or

maxima, and the matrix norms. In what follows, we present an example of a system satisfying conditions (4) but
not conditions (5).

Proof. Introducing the translations

ui(t) = x; (1) — x;°.  @i(s) = di(s) — x;

we deduce the system

i (0) + Y et (0 = 1j) = @i (ui (1) | =bi (ui (1)) + > cij f (i (0))
j=1 Jj=1

m
+ Y digi it =) | 1 >10=0, ©6)
j=1

ui(s) = @i(s), sel[-t0], i=1m,
where
i () = ai(ui +x7),  bi(ui) = bi(ui +xF) — b (x}),

fiu) = fiuj +xP)— £, &) =giuj +x7)—gj(x).

This system inherits the assumptions Aj; — A4 made above. It suffices to examine the stability characteristics
of the trivial equilibrium point u* = 0 of system (6).
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We define a Lyapunov functional V(¢) by

2 t
1 m m
V() = 2 Z ui(t)—i-Zeijuj(t—rj) + w; [ u?(s)ds ¢,
i=1 ji=1 12z
where w;, i = 1,m, are positive constants determined in what follows. First, we note that the value
1 m m 2 0
VO =331 60+ Y e | +or [ o
i=1 Jj=1 —T;

is completely determined from the initial values of the system. Then, we compute the rate of changes in V()
along the solutions of (6) and successively find

V@)=Y slwi@) + Y eijui =) || i (0) + Y eijitj (1 — 1) +%(ui2(t)—ui2(t—fi))

=3 ui) + > eijui(c — 1) [ @i i) | =bi i (@) + Y cij £ (1))

i=1 j=1 j=1

+ Y dijgi(uy(t — 7)) +%(u,-2(t)—ui2(t—ti))
j=1

= 0 (i ()b (g ()i (1) + d@s (ui )i (O Y iy fj () + Y dij & (it — 7))

i=1 Jj=1 j=1

+ai(ui(0) Y eijuj(t —77) | =bi i) + Y _ cij £ (u; ()

j=1 Jj=1
m Y
+ D digi it =) | + 5 (0 —u e~ 1)
j=1
m m m
<Y {—abiui @) +@iwi @) | Y leij| F luj )] + Y 1dij| Gj luj(t — 7))
i=1 j=1 Jj=1

m m m
+a; Yy el it — )l | bi [ui ()] + D leij| Fy luy O+ > 1dij| G |uj (t = 7))

j=1 j=1 Jj=1
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+ 2O —ufe —w)

m — m — m
aj aj
< Y- Jmaibd )+ 5 Yl F (uF 0 +120) + T Y 1dif | G (w7 0) + uFa = 17))
i=1 j=1 ji=1

; (u,.z(z) +ul(t—1j ) % Y leijl lcikl Fr (Mlzc(t) +uj( = Tj))

j=1k=1

+ % O leijl Idik] Gr (ujz-(t — 1) +up(t — Tk)) + % (2 (1) —u2(t — 7))

j=lk=1

m
Z a;b; —
i=1

N =

m m m

_— - a'

ai Yy leij|Fj+ F ) lejilaj | — EI Y 1dif|G;
j=1 j=1 j=1

_a; = Fi v w;
Z elj|_7l > |cki||ekj|ak_71 uf (1)
1
+§ GlZld]lla] +Z|e]l|a1b +ZZ|311||CJk|aJFk

Jj=1lk=1

m m
+ Y (lejil ldjic|a; Gy + lexs| |diilar Gi) — wi | uf(t — i)
=1k=1

~.

‘We now choose

=G; Z |d]l|a] + Z |e]l|a]b + Z Z |€jz| |C]k|a] F

Jj=1lk=1

m m
+ 3 (lejilldjxla; Gi + lexs| ldiilax Gi) > 0
j=lk=1

After some simplifications we obtain

m m

V) ==> {ab Z ailcij| Fj +ajlcjil Fi)

i=1 Jj=1
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m m

1 1 _ o

5 al|le|GJ + a]ldjllG ) Z (aibi|€ij| + ajbj|eji|)
ji=1 j=1

1 m m

3 Z aj Z (Iejil lejr] Fi + lejrl leji| Fi)
=1 k=1

1 m m

=52 Y (il lejel Gi + djil lesil Ge) { o).

j=1 k=1

According to inequalities (4), there exists p > 0 such that

1 m

m
Z aileij|Fj +ajlcjil Fi) — = > (aildij|G; + @;|d;i|Gi)

2«
j=1

1 m _ o 1 m m
-5 (a,-b,-|e,-j| + a,-b,-|e,~,-|) "3, Z Z lejil leji] Fi + lejel lejil Fe)

Jj=1
1 m m
=5 2a; 3 (dsillejil Gi + |djil leji] Gi)
j=1 k=1
Then
V() < —plu@®|? >0, %)
where

vl = (i v?)l/2

i=1

is the Euclidean norm of the vector v = (v1, V2, ...,v,)! € R™. Inequality (7) shows that, for any solution u(¢)
of system (6), the function V' (¢) is monotonically decreasing and bounded below by 0. Thus, there exists the limit

L = lim V()= 0.
t—00
We integrate inequality (7) from O to ¢. This yields

t
V)~ V(0) < / lu(s) |12 ds
0

forall ¢ > O, i.e.,
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/ lu()I2 ds < (V(0) - V(t))/n.
0

The last inequality and L = lim;—c0 V(¢) > 0 imply that
oo
[ ol dr < oo. ®
0

In what follows, we show that the trivial solution of system (6) is stable and (8) implies that
lim [u(@)| =0
t—>00
and, hence,
lim ||x(¢) —x*|| = 0.
t—>00

This means that the equilibrium point x* of system (1) is globally asymptotically stable.
We complete the proof by using fragments of the arguments from the proofs of Theorems 1.1, 1.3, and 1.4 in
[12] (Chapter 8). In the sequel, for a vector v = (vy,va,..., vm)T € R™ we also use the norm

First, we show that, for any ¢ > 0, there exists §; > 0 such that if

<8 for t>0, i=1,m, and sup |e(s)] < 61,
s€[—1,0]

wi (1) + Y eijuj(t — 7ij)

i=1

then |u(¢)| < e for t > 0.
Let T be an arbitrary positive number. For 0 <t < T, we get

m
> eijuj(t — 1))

i=1

wi (1) + > eijuj(t — 7ij)

i=1

lui ()| < +

m m
<81+ leijlluj(t — i) <81+ ) leij| sup . |uj (2)]

i=1 i=1 r=is

m
<8+ leijl ( sup_ luj ()] +  sup 0|‘Pj(s)|)
0

! <t< —7<s<
im1 <t< T<s<

m m
< Z|eij|osupT luj(t)] + 61 (1 + Zle,ﬂ) ,

i=1 =t= i=1
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Thus,

sup |u; ()] < Zleul sup |uj(t)|+81 <1+Z|eu|)

0<t<T i=1 0<t<T i=1

or

sup |Mz(f)|_Z|ezJ| sup |u;(1)| < é1 (1+Z|€U|) for i =1,m.

0<t<T i=1 0=<¢<T i=1

If we introduce the vectors

T

Ul = ( sup |u1(®)], sup |ux(®)|,..., sup |um(t)|)
0=<t=<T 0=<t=<T 0<t<T

and

e=(1,1,....,nT,

then we can represent the last inequalities in the matrix form as follows:
(E—EDU(T) = 81(E + [€])e

in a sense of inequalities between the corresponding components of the vectors. Since, by condition A4, E — ||
is an M -matrix, we obtain

U(T) < 81(E — |EDTH(E + |EDe.

We find

sup |u()| = sup max [u;(1)] = max sup |u;(1)] = |U(T)| < 81|(E = |ENT(E + |EDel.

o<t<T 0<t<Tz—1 m i=1,m mo<t<T
If we now choose 81 > 0 sufficiently small such that
Sil(E — EDTHE + |EDe| <&,

then |u(z)| <e for 0 <t < T, where T was an arbitrary positive number. Hence, |u(¢)| < e for ¢t > 0.
We now show that the zero solution of system (6) is stable, i.e.., for any & > 0, there exists § > 0 such that if

sup |p(s)| <6,

s€[—1,0]

then |u(¢)| <e for t > 0. Forany ¢ > 0 we get

2

_Z ul(t)—}-ZeUu,(t—rj = V(@) = V()

i=1
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1 m m ks 0
= 300+ Y | o / 92(s) ds
i=1 j=1 ] ~
52 ! m 2
S? 1+Z|eij| + w;iT;
i=1 j=1

If we choose & € (0,81) sufficiently small such that

2
m

m
822 1+Z|€ij| + it p <83,
Jj=1

i=1

then

m m 2
Z Mi(l)-l-Zeijuj(t—‘(j) 58%-

i=1 j=1

This yields

m
ui(t)+Zeijuj(t—t,-j) <§ for t>0, i=1m,
i=1

and, consequently, |u(¢)| <& for ¢t > 0.

In view of the stability of the zero solution of system (6) we can assume that |u(¢)| < h for some positive
constant /i if supser_ 07 l¢(s)| < J. Suppose that lim;—oo u(#) = 0 is not true. In this case, there exists a
number v > 0 and an increasing sequence {f;} such that #;z — oo and |u(#;)| > v for k € N. For the sake of
brevity, we represent system (6) in the form

d ” o
- u,-(z)+j;e,-,-u,~(t—rj) = Fiu@.u(t =), i=Lm 1>0, ©)
where
~ m ~ m —
FiCuit) = a; (ui) | =bi(ui) + Y cij fjup) + Y _dijgiGy) | i =T,
j=1 j=1
We denote

Ci= sup |F|, i=1m.

|ul,li|<h

For t > 0 and A > 0, we now integrate equation (9) from ¢ to ¢t + A to obtain
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t+A

ui(t + A)—u;@) = —Zeij(uj(t +A—1)—u;(t—r15))+ / Fi(u(s),u(s — 1)) ds.
j=1 t

Hence,
m
it + A) —ui (O] <D leijlluy (0 + A — 1) —uj(t — )]
Jj=1

t+A

4 / IFi uls) uls — 1) ds

t

m
<> leij| sup Juj (1 + A) —uj(0)| + CiA
. 1>—1
Jj=1 -

<Z|eu|(sup|u](t+A)—u](t)|+ sup |uJ(s+A)—uJ(s)|)+C,A
j=1 s€[—1,0]

Thus,

sup |u; (t + A) —u; (1)|
£>0

< Z leij] (supw,(r FA w1+ swp s+ A) —u,(s)|) +GA
j=1 s€[—1,0

or

Sulglu it +A)—uit)| - E Ieulsupluj(l +A) —u;(0)]
>
j=

<Z|e,]| sup  |u;(s +A)—u;(s)|+ GA, i=1,
j=1 s€[—1,0]

If we introduce the vectors

T
p(A)= (Sup lur(t + A) —ur(@)],sup [uz(t + A) —uz(t)l,....sup [um(t + A) —um@)] |
t>0 >0 t=0

T
o(A) = ( sup Jui(s + A) —ui(s)], sup Jua(s + A)—ua(s)|,..., sup |um(s + A) —um(s)| ,
s€[—1,0] s€[—1,0] s€[—1,0]



730 H. AKCA, V. COVACHEY, AND Z. COVACHEVA

and
C=(C1,Ca....C)T,

then we can represent the last inequalities in the matrix form as follows:
(E—1€Dp(A) = |€]o(A) + AC.

As above, this yields
p(A) = (E —[ENT!(IEla(A) + AC)

and

sup [u(t + A) —u(t)| < |(E =[N (|Elo () + AC)|. (10)

t>0

Let n > 0 and A < 5. Since u(¢) is uniformly continuous on the interval [—t, ], the right-hand side
of (10) can be made arbitrarily small for sufficiently small values of A. Thus, we can choose 1 > 0 such that
|lu(t + A) —u(t)| <v/2 forall t >0 and A € [0, n]. In particular,

Vv Vv
i+ 8)] = (o] = ey + 8) —u(e)| zv =3 = 2
or

2
hWMzgam mez%-mrzd%m+m,keN

Without loss of generality we can assume that the intervals [fi,#; + 7] are disjoint (otherwise, we choose a
subsequence). Then

® oo IkFMm 00 v2
fllu(t)llzdt =D / @) ?dr = > 1 = oo
0 k=1 g k=1

which contradicts (8). Thus, the relation
lim u(f) =0
t—>00

is true and the proof is complete.

4. Example

Consider a system
X1(t) +0.1%1 (2 — 1) + 0.15x2(t — 12) = (2 + 0.01sinx(¢)) [-2x1(¢) + 0.1 arctan x1 ()

+ 0.15arctan x5 (¢) + 0.1 arctan x1 (t — 71) + 0.15arctan x2(t — 12) + 1],
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(11)
X2(t) —0.2x%1(t — 1) + 0.2X%2(t — 72) = (3 —0.02sin x2(¢)) [-3x2(¢) + 0.15 arctan x1 (¢)

— 0.2 arctan x5(¢) + 0.1 arctan x1 (¢t — 1) — —0.2 arctan x5 (t — 72) + 1], ¢ >0,
with arbitrary delays t; and 15 and the initial conditions
xi(s) =¢(s), i=1,2, se[-max{ry,12},0].
System (11) has the form (1). It satisfies the assumptions A —A4 with

a, =199, @ =201, a,=298, @ =302, b, =b =2,

|
¥

Il
S
N

|
»

Fi=F=G1=G,=1, |£&] =0.2863903109,
and

0.9 -0.15

E—|&]=
—-02 0.8
isan M -matrix.

It is easy to see that system (11) satisfies inequalities (3). In fact, the left-hand sides of these inequalities are
equal to 1.525 and 2.325 for i = 1 and 2, respectively. Thus, system (11) has a unique equilibrium point x*. It
is possible to show that x* = (0.6027869379, 0.3353919007)7 .

Furthermore, system (11) satisfies the assumptions of Theorem 2. In fact, the left-hand sides of inequalities
(4) are equal to 0.5415 and 4.449 for i = 1 and 2, respectively. Therefore, the equilibrium point x* of system
(11) is globally asymptotically stable.

On the other hand, system (11) does not satisfy condition (5) since the left-hand side of the inequality is equal
to —0.608775797.

The present paper is based on the report made at the International Mathematical Conference DIF-2013.
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